We consider the uniform asymptotic expansion for the Gauss hypergeometric function F (a + ǫλ, m; c + λ; x), λ → +∞ for x < 1 and positive integer m when the parameter ǫ > 1 and the constants a and c are supposed finite. When m = 1, we employ the standard procedure of the method of steepest descents modified to deal with the situation when a saddle point is near a simple pole. It is shown that it is possible to give a closed-form expression for the coefficients in the resulting uniform expansion. The expansion when m ≥ 2 is obtained by means of a recurrence relation. Numerical results illustrating the accuracy of the resulting expansion are given.
Introduction
The Gauss hypergeometric function is defined by and elsewhere by analytic continuation, where (a) n = Γ(a+ n)/Γ(a) = a(a+ 1) . . . (a+ n− 1) is the Pochhammer symbol or rising factorial. The asymptotic expansion of this function for large values of the parameters a, b and c and fixed complex z was first considered by Watson [13] in 1918 and recently by the author in [10, 11] ; see also [3] for the case of two large parameters.
In [10, Section 3] , the expansion of the function with finite a, b and c and complex z was considered for λ → +∞, ǫ > 0 using the method of steepest descents applied to suitable integral representations. It should first be noted that when ǫ < 1 the function F b (λ; z) converges at z = 1, since the convergence condition ℜ(c − a − b) + (1 − ǫ)λ will be positive for sufficiently large λ. When ǫ > 1, however, this condition will be broken as λ → +∞ and F b (λ; z) will not converge at z = 1. From [2, p. 267] , the dominant behaviour of F b (λ; z) in this limit is The analysis of the asymptotic expansion of F b (λ; z) required different representations for ǫ < 1 and ǫ > 1. The resulting expansion when ǫ < 1 is given in [10, (3.6) ] and has the leading behaviour F b (λ; z) ∼ (1 − ǫz) −b ; this case is also considered in [6] . The asymptotic expansion when ǫ > 1 is given by [10, (3.13) ]
as λ → ∞, where c 0 = 1 and the coefficients c 1 and c 2 are explicitly stated in [10, (3.4) , (3.5) ]. Application of Stirling's formula
shows that the factor involving gamma functions appearing in (1.2) has the behaviour
3) so that the leading large-λ behaviour of F b (λ; z) again reduces to (1 − ǫz) −b ; see also [3] . The above expansion is of Poincaré type and is subject to an inconvenient restriction (when ǫ > 1) resulting from the requirement that the singularity of the integrand at 1/z should lie outside the closed-loop contour of integration. In the case of real z (= x) this restriction corresponds to ǫx < 1. Thus the result presented in (1.2) leaves unanswered the expansion of the above hypergeometric function for 1/ǫ ≤ x < 1 when ǫ > 1 and also that in the neighbourhood of ǫx = 1.
It is the aim in the present paper to derive the expansion of F b (λ; x) that holds uniformly in the neighbourhood of ǫx = 1. This is obtained in the case b = 1 by the standard procedure of the method of steepest descents modified to deal with the situation when a saddle point is near a simple pole; see, for example, [9, Section 1.5.1], [14, p. 356] or [5] for a description of the method. We show that it is possible to give a closed-form expression for the coefficients in this uniform expansion. We also give the explicit expression of the first three of these coefficients at the coalescence of the saddle and pole. These asymptotic results are then extended to b = m, where m is a positive integer, by means of a recurrence relation. Numerical results are presented to demonstrate the accuracy of the expansions obtained.
2.
A uniform expansion of F 1 (λ; x) for λ → +∞ We consider the expansion of the hypergeometric function F b (λ; x) defined in (1.1) as λ → +∞ when 0 < x < 1, ǫ > 1 and the parameter b = 1. From [8, (15.6. 2)] we have the integral representation
where the integration path is a loop that starts at t = 0, encircles the point t = 1 in the positive sense (excluding the point t = 1/x) and returns to t = 0, and
by (1.3). The t-plane has a branch cut along (−∞, 1] and the integrand has a simple pole at t = 1/x. The exponential factor has a saddle point where ψ ′ (t) = (ǫ − t)/(t(t − 1)) = 0; that is, at the point t s = ǫ, where ψ ′′ (t s ) = −ǫ −1 (ǫ − 1) −1 < 0. The path of steepest descent through the saddle has directions ± 1 2 π at t s and forms a closed loop surrounding t = 1 with endpoints at t = 0.
To account for the proximity of the saddle point t s to the pole, we make the standard substitution
2) so that
3)
The saddle point corresponds to u = 0 and the pole is now situated at u = u α , where
The steepest descent path through the saddle t s maps to the real u-axis and the domain enclosed by this path in the t-plane maps into the upper half of the u-plane. Thus, we have
In the neighbourhood of the saddle point
where h(u) is regular at u = u α and u = 0. The coefficient d −1 is given by
2.1 The expansion of F 1 (λ; x). When α > ǫ the pole at t = α is situated outside the loop (corresponding to the steepest descent path) in the integral (2.1) and u α = −ip. Then
with erfc denoting the complementary error function. Introduction of the expansion
followed by application of Watson's lemma, then yields the expansion as λ → +∞ when α > ǫ
where d 2k = id 2k and from (2.4) we have used ψ(t s ) − p 2 = ψ(α). When α < ǫ we have u α = +ip. Then, employing the result in (2.8), we find the contribution to the integral (2.3) given by
In expanding the integration path of the integral (2.1) to pass through the saddle point t s = ǫ it is now necessary pass over the pole at t = α, thereby receiving a residue contribution given by −f (α)e −λψ(α) . Then, upon use of the result erfc (−x) = 2 − erfc (x), we obtain the following theorem: Theorem 1. The expansion of F 1 (λ; x) as λ → +∞ is given by
where the upper sign applies when α > ǫ (ǫx < 1) and the lower sign when α < ǫ (ǫx > 1).
The quantity p is defined in (2.5) and vanishes at coalescence.
An alternative form of this expansion is given in the appendix.
2.2
The coefficients d 2k . The coefficients d 2k can be obtained by differentiation of (2.6) and (2.9) with respect to u with the derivatives evaluated at u = 0, t = ǫ. Thus we find
The coefficients c 2k are given by
, where we take 1 arg ψ ′′ (ǫ) = − 1 2 π. A general expression for the normalised coefficients C 2k = c 2k /c 0 is given by the Wojdylo formula [15] 
see also [12, p. 25] . Here B kj ≡ B kj (α 1 ,α 2 , . . . ,α k−j+1 ) are the partial ordinary Bell polynomials generated by the recursion
where δ mn is the Kronecker symbol, and the coefficientsα r andβ r appear in the expansions
Since ψ ′′ (ǫ) < 0 it is necessary to specify the value of (ψ ′′ (ǫ)) 1/2 . This follows from the fact that in the integral (2.1) we require that the quantity (t − ts) 2 ψ ′′ (ǫ)/2 appearing in the exponential be positive on the steepest descent path. Since arg(t − ts) = 1 2 π on leaving the saddle then arg ψ ′′ (ǫ) = − valid in a neighbourhood of the saddle t = t s , whereα r = ψ (r+2) (ǫ)/(r + 2)!. Explicit representations for the first three normalised coefficients C 2k are where, for brevity, we have defined 
Then we obtain the closed-form representation for the coefficients d 2k appearing in the expansion (2.10) given by
where κ and C 2k are specified in (2.12) and (2.13). The upper or lower signs in (2.16) and (2.17) are chosen according as ǫx < 1 or ǫx > 1, respectively. However, these coefficients present a removable singularity when the saddle and pole coincide since both α − ǫ and p vanish in this limit. This case is considered in the next section.
The expansion at coalescence α = ǫ
The expansions in (2.11) are suitable when the pole at t = α is not too close to the saddle at t = ǫ. As α → ǫ (that is, as ǫx → 1) the coefficients d 2k present a removable singularity at t = ǫ, u = 0. Let δ = α − ǫ provide a measure of proximity to coalescence. Then as δ → 0 the coefficients c 2k involve terms of O(δ −r ) for integer r in the range 1 ≤ r ≤ 2k + 1. These singular terms cancel with the corresponding terms 3 present in the coefficients b 2k to leave terms of order O(δ r ), r = 0, 1, 2, . . . . To see this we make use of the expansions
and, from (2.4),
, where κ and Ψ k are defined in (2.12) and (2.15). Then as δ → 0
The values of the coefficients d 2k at coalescence therefore involve the O(δ 0 ) term in the above expansion to yield
Hence, at coalescence we obtain the expansion in the following form:
Theorem 2. The expansion of F 1 (λ; x) as λ → +∞ at coalescence (α = ǫ) is given by
where the coefficients D 2k are 
The expansion of F m (λ; x)
When the parameter b = m, where integer m ≥ 2, we use the contiguous relation [8, (15.5.11) ]
Then, if we define
we find that
From the expansions for F 1 (λ; x) obtained in Sections 2 and 3 it is then possible to determine the expansion of F 2 (λ; x). Continuation of this process leads to
and so on. An obvious drawback to this approach is the fact that, in the case of (4.1), we have to evaluate the difference between two terms each multiplied by the large parameter λ. This problem becomes a fortiori more acute for higher values of m.
An alternative procedure is to employ an integration by parts. In the case of F 2 (λ; x) we have
since the integrated part vanishes on account of the fact that the integrand near t = 0 is controlled by t a+ǫλ−1 . Then we have the integral (2.1) with e −λψ(t) f (t) replaced by its derivative. Repetition of the argument employed in Section 2 then yields
and the choice of signs is as indicated in Theorem 1. The coefficients B 2k (k ≥ 1) are evaluated using (2.13) for C 2k with f (t) replaced by f ′ (t) and λψ ′ (t)f (t). The general case (with m finite) follows from
t − α dt.
Numerical results
In Table 1 we display the values 4 of the coefficients d 2k computed from (2.17) for 0 ≤ k ≤ 5 and different values of x when ǫ = 2, a = 1 2 and c = 2. Coalescence in this case occurs when x = 0.50. Table 2 displays the values of the absolute relative error in the computation of F 1 (λ; x) from (2.11) when ǫ = 2 as a function of the truncation index k ≤ M and different values of λ and x with the values of a and c specified above. In the case of coalescence (when ǫ = 2) we present the coefficients D 2k defined in (3.3) for 0 ≤ k ≤ 2 in Table 3 . From (3.1) we have d 2k = −2 1/2 D 2k in this case. It is seen that the values of d 2k 'sit' in between the values corresponding to x = 0.45 and x = 0.55 in Table  1 . Finally, Table 4 shows an example of the absolute relative error in the computation of F 1 (λ; 1 2 ) at coalescence when ǫ = 2 for different λ and truncation index M .
Concluding remarks
We have derived a uniform expansion for the hypergeometric function F 1 (λ; x) = F (a + ǫλ, 1; c + λ; x) for λ → +∞ when ǫ > 1 and 0 < x < 1. The resulting expansion is presented in Theorem 1 and the corresponding expansion at coalescence when ǫx = 1 is stated in Theorem 2.
The expansion of the function when the second numerator parameter equals m, with integer m ≥ 2, is covered by a recurrence relation in Section 4. Clearly this is not an ideal situation. It is hoped that the expansion for m ≥ 2 can be elaborated from an integral representation of the type (2.1). In addition, the case of non-integer m also needs to be considered as outlined in [1] .
Another limitation inherent in the results is the expansion of F 1 (λ; x) in the neighbourhood of ǫx = 1. Although it is possible to use the expansion in Theorem 1 as ǫx → 1, this would necessitate using increasing precision to deal with the removable singularity present in the coefficients d 2k at coalescence.
Appendix: An alternative form of expansion
An alternative form of the expansion (2.11) can be obtained by noting that the contribution to F 1 (λ; x) resulting from the sum involving the coefficients b 2k can be written as with the usual interpretation of an asymptotic series, we obtain the alternative forms of the expansion given by 
